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This paper presents a model designed to assist elementary
scinool principals in the process ot selecting educational areas
which should receive udditional emphasis. For each educational
arca, the model produces an index number wvhich represents the
expected "value' per dollar spent on an instrucitional progran
appropriate for strengthening that wrea.  Although the wodel
will be expluined in terms of this specitic application, the
approach proposed in this paper could also be used to stricturc
similuar decision problems at the district or state lovels, ol
in secoundasy and pre-school educational systems.

The calculation of the 1ndex number for a particular area
Jdepends on the 1ollewing fdactors. (1) the relative ripertance
of that avea; (2) the "utility,”™ or "value” to the decision
maker, of making an improvoment in that areu, viven the current
level of performance; (3) the piobability distribution of the
results of Im; "ecrenting a parte.oular type of dmprovenent provi o
for that area, given the current ievel ot »nertoriance: onl i«
the cost of thn above mentioned pro ram. The Tirst two factovs
will be discussed in the ti.st section ot this paper.  In the
second section the last two will be constdered, and all 1ou
will be conmbined in a tormala vielding the desizod indes nilon.
The use of these indic.s ax an and to Jdecrsoorn raking will then

be explained.
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THE ESTIMATION OF UTILITY

This section describes how the "utility"* (of the decision
maker) for the current state of the system is estimated. In
our particular application, the system 1is an elementary schocl,
the decision maker is its principal, and the state of the systen
is represented by the level of educational achievement of the
school. As we shall see, the process of estimating utility pre-
supposes the existence of (1) a well defined hierarchy of system
objectives, and (2) adequate devices for measuring the degree of
achievement of these objectives. We are then left with the pro-
blem of transforming performance measurements into a single
(utility) number; this number reflects the decision maker's
"satisfaction'" with the state of the system as represented by
these performance measures.

The formal structuring of a decision problem (in our case,
the selection of educational areas to be emphasized or strength-
ened) must begin with the statement of an overall objective --
perhaps one as vague as "promote the good life". By asking how
a given system contributes to the achievement of this "metu-
objective'", a hierarchy of primary objectives, secondary chjec-
tives, goals, and subgoals can be identified. For example, in
elementary education, the primary objectives might be (1) the
development of the child's personal or affective qualities, (2}
the teaching of the basic skills required for further educational

success, and (2) the introduction of the child to cultural norms

%

For a discussion of the meaning of '"utility', see the clasic
work by J. Von Neumann and Q0. Morgenstern (1953) or that of
Schlaifer (1959).
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and values. Each of these three primary objectives can be
subdivided into the secondary objectives which they logically
and operationally imply. For example, objective (2) above may
be subdivided into the teaching of verbal skills and the teach-
ing of analytical skills. In a similar manner, secondary ob-
jectives may be subdivided into goals, and the latter into sub-
goals, etc. This subdivision process should continue until each
"terminal" (lowest level) objective/goal in the hierarchy can be
associated with an appropriate device for measuring the system's
performance in that area. Figure 1 1llustrates an example of
the results of applying this objective subdivision process to
elementary education. The numbers in parentheses refer to the
terminal goal areas (in this case, subgoals) listed in Appendix
I. For a further discussion of this process, as well as of some
important caveats, see Pardee (1969), especially page 405.

The performance of an educational system is not usually de-
termined by a direct measurement of how well it achieves its pri-
mary or secondary objectives. These objectives are too broad in
nature for the development of valid and reliable measuring in-
struments. Instead, the state of the system may be assessed in-
directly by measuring its performance in each terminal goal area
for which adequate measuring devices exist. The Center for the
Study of Evaluation at UCLA has investigated the existence of
test instruments for each of the attributes listed in Appendix I
(see Elementary School Evaluation Project, Booklet III). The re-

sults of this study indicate that numerous instruments are avail-
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able in the skill and cognitive areas, with their number and
validity decreasing in the affective areas. llowvever, continuing
improvement in the number and validity of tests in all areas can
be expected.

The results uchieved on the various test instruments are
senerally expressed in terms of percentile scores or rankings on
a national busis. Consequently, there 1s ro absolute, invariant
scale aguinst which to measure performance, and we must take these
scores to be our "raw' system performance measurements. It seems
reasonable to assume that the "worth” or "value” (to the princip: !
of a given percentise scove depends strongly on both (1) the par-
ticular goal area involved and (2} his aspiration level for that
areda. Since past achlevements of a school depend to some extent
on such exogenous 1nput factors as the socioceconomic status of
the parents, the location ot the school (urban vs. rural), the
region of the country, etce., one can reasonably expect these
factors to influence the principal's aspiration level (and hence
his utility for performance measurerments) in each poal area.?

So that the model will be sensitive to these environmental {ac-
tovs, perfornance data is currently being collected on schools'
categorized according to environmental characteristics (see

Elermentary school Evaluation Project, Booklet IV).

N —
This will be discussed in a forthceconing Technical Report on the
possible inpusct of such factors on the shupe of the utility func-
tion for a4 given goal area.
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If we accept the (percentile) scores obtained on standard-
ized tests as adequate measures of the school's performance in
the associated goal areas, it remains to be determined if these
scores can be used directly in estimating the principal's util-
ity. The contents of the previous paragraph and the following
observations suggest that they cannot; that is, the scores must

be transformed before they can be used for that purpose:

1. Given results in a particular goal area and ignoring

all other results, it is clear that a score of 80 1is

considered twice as ''good" as a score of 40. Also,
it may not be true that a score inrcrease from 40 to
50 has the same '"value'" as an increase from 80 to 90.

2. The "worth" of an increase from, say, 40 to 50 per-
centile points in two different goal areas may not
be the same, (i.e., the principal may not be indif-
ferent between these two outcomes).

The three words, "worth', '"good'", and "value" are often
used synonymously with the term utility. However, in the last
two paragraphs, these words have been used to express the util-
ity of the decision maker with respect to only one goal area,
and not the system as a whole. A Key assumption ol this model
is that the principal's utility for a set of n percentile scores
(one for each goal area, thus characterizing the state of the

educational system) is simply the sum of his utility* for each

—
When these utilities are measured on appropriate scales.



c{ the individual scores; therefore, it is evident that our next
task is to transform the area scores into tineir asscciated "area
atility values',

The above assumption avout the decision maker's utility 1is

equivalent to saying that his utility function is additively sep-

arable* ., I we let
7 the number ol terminal goal areas;
4. f the (percentile) score obtained on a standardiced test

appropriate for medsuring performance in area ij;
f. (") 2 the principals’ stendavd**utility function for area i,
i.e., it transforms the score for area i [3i) into a

nunbe» hetween 0 and 1 (fi(a.)n

i
n
Wy T the "weilghing factor™ for ares i. If we require that 3
i
i=]

this weight expresses the relative importance of
area 1 with respect to the whole set of areas. The
nunber Wyocan also be viewed as the proper "scaling”
fuctor for the standard utility tunction {i (") such

that the principal's utility for the score ay is given

Ly the scaled utizity function ¢ (a.) = w.{.(a.}; and
’ = 101 ititi
flay,. ., ) ¢ the principal’s utility for the set of
n scores
. 1=l,---,n

then the wlditive utility assunption savs that

L
see Appenaix 1.

t ¥ d oy R " N . . o _
The utility of a score of "0 is 0y the utility of a score of
100" is 1.

O
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(1) f(al:aza'-"»a ) fl(al) + fz(az) +"+fn(an)

n

or equivalently:

(2) f(al,az,---,an) = wlfl(al)*wzfz(az)+--+wnfn(an)

To transform the area score, a., into its associated area util-
MY

ity value, fi(ai)’ we now need to determine the constant W and
the function fi(').

The values of the wi's may be ot ained by asking the deci-
sion maker to compare the relative importance of goals on the

same level within the hierarchy. For example, according to

figure 1, the importance of personal development would be com-
pared against the importance of cultural values and basic skills;
at a lower level in the hierarchy, similarly, the importance of
mathematics would be compared against that of science. The final
weight for a sub-goal area would be obtained by multiplying its
relative weight within its level of the hierarchy by the relative
weight of its associated goal at the next highest level, times
the relative weight of the next highest level goal/obiective, etc.
More detailed procedures for obtaining these weights are given in
Pardee (1969). In addition, the problem of obtaining and svnthe-
sizing different weights (for each goal area of interest) from
different groups which interact with the syvstem (e.g., parents,
teachers and administrators) is also considered in this document®

The function fi(') can only be approximated through the anal

For an alternate procedure, see reference, LElementary school
Evaluation Project, Booklet [Il. This procedure is illustrated
in terms of the 106 subgoals listed in Appendix 1.

10



ysis of cmpirical data.® However, a few statements can be made

about its expected shape. [t seems reasonable that a, defined

in terms of a percentile score, will be considered to be of great-
A B B . 1 2

er value as 1t increases; that i1s, 1 a;dl, then 1i(uj)vfi(ai).

Conscquently, we may assume that the tunction fj () 1s mono-

tonically increusing on the closed iuterval [?, 10@ , where the

nunbers in that interval refer to percentile scores. Additionally,

there appear to be two particulur percentile scores on a . gadurd; ccd

test which serve os aspivatlon ievels for the school principal:

(17 the national norm ([50th percentile score) and (2) the norms

for schools of a particular “type,’ as characterized by the

various cnvironiental factors discussed carlier. Interviews with

principals und the other individuals associated wich elementary

school systens indicated that uan i1ncredse (in percentile score)

of a given apmount {rom a puint belew the natronal norm is consid-

ered to be of significantly greater vadue than the same amount of

increasg lrom a point above the nutional norm. This suggests

that the slope of fj (") 1s stceper ut points below the 50th per-
centile score than at points agbove this score. A similar behavior
may bo Yexpected' with respect to the "environmental” norng how-
ever, current data limtations prevent us from verifying this
hypothesis Ihis prediction ot a decreasing slope for the utility
function as the percentile score increases 1s also consistent with

the "law of dininishing narginal utilrty” which has been enpirically

*For a discussion of several alternative approaches and a cornplete
bibliogruphy, scc Fishbuin (1967). tor a discussion of how this
, W done in ¢his particulur project, sec a torthconing Technical
]:l{‘l'c«cpm t.
Prrecroiie

11
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verified in numerous studies in an economic context. One

vossible {crm of fi (") is shown in Fig. 2.

EXPECTLED CHANGE IN UTILITY AS
A DECISION CRITERION

This section describes huw estimates of the decision maker's
utility f{for various performance levels of the system may be com-
bined with estirates of the effects cn system perf{ormance of
smplementing various '"programs” to provide a guide for decisions.
In our particular application, the decision problem is to select
educationzl geoal areas which should receive more enmphasis. The
Key assumption implicit in this discussion is that the decision
maker prefers actions which maximize hils expected utility.

It 1s reasonable to assume that ua particular goal area will
be selected for increased enphasis because (1) there exists an
cducational programfe.g., a new set of work books, the Sullivan
reading program, a computer assisted arithmetic program, etc.j,
which has 4 "redasonably ygood chance' of improving the student's
performance in that area, (2) a "significant”™ increase in the
percentile score in that ureu results in a "significant" increase
in the decision maker's utility, and (3) the cost cf the progran
is within the school budget.

Because of the interaction uamony the exogenous input factors,
it is imposcible te state that "the adoption of a program of type
Join area 1 will increase the pertornance fron u? to u? + éi.“
Instead, the pctential results of adopting a progranm of type j in
area i should be described by the conditiona! (or posterioer)
probability distribution ol the scores which would be obtained

upon retesting the studenes alter inplerentation of the program.

13
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this distribution, one could calculate the probabiiity of

Gl ving A spoecifled result, We assure that the randon variable
a'i (representing the score to be obtained upor retesting) has a
probability density functien which depends on 3 factors: (1) the
particular subgoal area (11, (2) the current level of achievement
{aic), and (3} the particular type of program selected (j), and we
denote this conditional probability distribution by g; fa'. .7,
Iorv example, the subgoal area may be "eoperations with integers,”
the current level of achievenmenv may be "40th percentile ranking,”
and the type of pregram may be "1 computer assisted arithmetic
program.” A possivble form of £

M

[a'i |40,j} is shown in Figure 3.

by (a'i 40, 3)7

_ )

ol )
{, o , a.
3 59 g0 i
Flpure 3
A Pessibie Forin ! a Pesterior PProbability Distribution of Scores

Unfortunately, it is extrenmely difficult to obhtain objective
information which would vield an estimate of this probability dis-
tribution. However, subjective information may lLe used to approx-

' <

mmate the Lorn of g5 (a LAy, 1) Persons who have observed the

inpact of new educutional prograns nay be ussked for their estinate
o1 the probability of achieving a specific change in perfornance

as a result of adopting o4 progran of type i in area i, when the



. o .
current level of performance 1is a For example, these "experts"”

may estimate the probability of an increase of from three to
five percentile points in area i, given ai and program i, to be

.3, this implies that

0
a.+5

@]

a.+3
i

We will denote a subjective estimate of the value of the integral
of g. (a'.lnq 3) over a puarcicular interval, S ,% by P, ([ at ).
S1 171 'k A | kivir-

By obtaining similar estimates for K nonm-overlapping intervals
which cever the range of u’i, we can obtain a discrete approxima-
tion to the desired distribution., By varyving the size and nunber
cf the intervals we can nake the approximation as "close" to the
continuous frnction as we desire.** In addition, we naturally
K
R . . | N o .
require that ¥ op. 'u.,1)=l.
' - LA B
k=1
The theoretical prebability distribution may be uscd to
determine the expected change in utilitv, resulting {ron the

inplementation of progrum j in arca i given that the current

level of performance is a., as follovs:

- 100 Qo N 0
AN , _— (at el (at ) at at. - Cial f%
1 L(2Uy) Wy V//' fiCat ey (a I,ll,j)di ; . (aY)
0

where B L expected value operator,

CUj Z c¢huange in utility in area i

*Note that the synbol o, carries information abont both the
location and the size 6f the interval of interest,

¥ESee Schlaifer (1959) for a further discussion of this topic,

MEESeo Appendix 11 fer a theoretical discusscion of the assunp

. tions inplicit in this fornulation.
LS
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and the other variables are 1dentical te those defined in the

previous section. I{ the discrete approximation to gi(a‘iia;,j)
is used, expression (J) simplifies to

"
CeY . ) . 0 - ) a”
. Pptogd e Bplogpasn)e - hyag))
(;kJ mav be appreoxinated byhzhe value of

(5)  E(aU)

L

k=
where the value of fi
fi(-) at the midpoint ot the interval *k'

Since 1t is anticipated thut decisions must be made within
a4 budget constraint, an additionual medificatlion of expressions
(4) and (5) is required. Assume that the cost of a program of
type j has been estimated to be ¢ . Dividing these expressions
by Cj would provide an estimate of the expected change in util-
ity per dollur associated with a program of type | in area i,
given a;. This figure represents a more desirable guide to
action, especially if the prograns in guestion are divisible.*

To summavize, the inplications of expression {(5) may be
clarified if 1t is written in an cquivalent foru and divided by

Ci as shown in (€},

LU Wy e e O
vy = k=1

<L ’ ¢
J A

The numerator is the product ot the measule ol 1elative irpor:

tance, w., the change in utility assocrated with a given chauge

S ——
By divisible, we nmean that they aav be adopted an part.  lethods
for dealing with this problen 1f divisaibility 15 not a reason
able assunption will be considered in a teorthconming report.

ERIC
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in performance, fi{Lk) - tag), and the subjective probability

of that change, P, (5 Jai,j). 1t the probabilities that the re-
4y are estimated, their product with their associated measures
of change in utility must be sunmmed In words, expression (6)
for the expected change in w 1lity per dollar s appreximately

equivalent to

a neasure of “the Change in utility “tlie probability
the importance . ussoclated with the . of achieving

. of area 1 adoption of u progran that change

of type Join drea i S

‘the cost of
J4oprogram
ot type )

CULCLUSTUN

The model which was describod i the preceding sections pro-
vides the decision maker (a0 clenentary school principal) with
index nunbers which represciut estinates ot the expected chanves
in his utility for the perfornance ot his school vhich would re-
sult from the aduption ot porticulal thpes vl prograns In partic-
ular areas. It 1s felt that chese rndex nusbers would provide
valuable information in his dealing with tae problem of 1denti-
fying arecas in which action should be considered, and identifving

the types of proygrans whicin would provide the greatest expected

¥
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contribution to the achievement of his instructional goals.
The actual use of the model by an elementary shcool
principal could be encnurayed through the provision of a series

of tables containing the values

heliell-od

for each area, 1, for a serles of s<ores, ui, and for several
types of programs, j. The principal would meraly be required
to determine his own measures of the relative importance of each

area (the wi's), and cbtzin the remainder of the information di-

rectly from the tubles.

O
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APPENDIX T

OUTLINE OF 145 GOALS OF BELEMENTARY SCHOOL EDUCATION

AFVFECTIVE
1. TEMPERAMENT:  PERSONAL
A, Shyness-Boldness
B, Neuroticism-Adjustment
. General Activityv-lothargy

2. TIEMPERAMENT:  SOUTAL
A, Dependence- Independence
B, Hostility-Iriendliness
. Socialization-Rebelliousness

3. ATTIMNUDES
A, School Orientation
B. Self Esteen

3, NEEDS AND INTERLSTS
A. Need Achievenrent
B. Interest Arcas

ARTS-CRAFTS
S, O VALUING ARTS AND ol ds
Ay Appreciation of Arts and Crafts
B. Involvement in Arts and Crafts

G, PRODUCTNG ARTS AXD CLALTS
A, Repreventational SKill in Arts and Uragts
P, o Expressive Shill in Arts and Crafts

7. UNDERSTANDING ARPS AND CRAFTS
A Arts and Crafts Comprehension
I, Developrmental Understanding of Avts and Crafts
COGNTTIVE
§. REASONING
A, Ulassificatory Reasoning
B. Relational-Tuplicational Reasoning
0. Svstenatic Reasoning
D, Spatial Reasoning
O, CREATIVITY
A Creative Flexibility
B. Creative Flueney
10, MEMORY
A, Span aad Serial Menory
L, Meaningful Menory
C. Spatial Menory
FORLTGN LANGUAGY
11, FORLIGN LANGUAC] SKTLRLS

A, Reading Conpronension of g Forelen lTanguuayc
o

B Oral Conprehiension of o Fovelgn Languae
C. Speaking luency in a Poreign longiage
Do Writing Mluency in a Foreign Lanoage
O
o o

20
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12, FOREIGN LANGUAGL ASSIMILATION
A, Cultural Insight througl. a Foreign language
B. Interest in and Application of a Foreilgn lLanguage

LANGUAGE ARTS

13, LANGUAGE COXNSTRUCTION

A, Spelling

B. Punctuation
. Capitalization
D, Grammar and Usage
L. Penmanship
F. Britten Expression
G. Independent Application of Writing sSkills

11, REFERENCE SKILLS
A, Use of Data Sources as Reference Skills
B. Swamarizing Information fer Reference

MATHIMATLICS
15, ARITHMLTIC CONCLPES
A, Comprehension of Numbers and Sets in Mathematics
B. Comprehension of Positional Notation in Mathematics
C. Comprehension of Eguations and Inequalitics
D, Comprehension of Number Principles

1o, ARTTHMETIC OPLRATIONS

A, Operations with Integers

B. Operatiens with Fractions

C. Operations with Decinals and Percents
17,0 MATHEMATICAL APPLICATIONS

A. Mathematical Problem Solving

B, Independent Application of Mathematical Shills
1S, GLOMLIRY

AL Geonetric Facility

. Geonetric Vecabutary

L=

1O, MLASUREMUN]
AL Measurenent Roawding and Makine
B.osStatistics
MUSTE
200 MUSTC APPRECINITON AND INTI RS
A Mlusic Appreciation
B, Music Interest and fnjoyaent
210 MUSTC PERFORMANCIL
AL Singing
Bo Musical nstrument Plaving
C. Dance {(Rhyvthric Response}
MUSTC UNDIPSTANIING
Vo Aural Tdentification of Husic
Music Knewledye
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PHVSTUNL BBUCATION - LEEALTIE - 5 <BTY
230 HEALTH AND SAFLTY
AL Practicing Health amd Safety Principles
L. Understanding IHealth and Safety Principles
C. Sex BEducation
24, PEYSICAL SKII1S
Ao Muscle Centrol (Phvsical Education)
B, Physical Jeveleprent and Vell-Being (Physical Education)
250 SPORTENMARSHIT
Ay Greup Activity - Sportsianshop
B, Iaterest in and Iadependert Parttcipation in Sports
and Ganes
26, PHYSICAD EDUCATIOXN
Ao Bnderstanding of Rules wnd Straiteyies of Sports and
Games
B. Knowledge of Physical Bducation Apparatus and Hguipment
RIAPING
27, CRAL-AURAD SKILLS
Ao Listening Reaction aind Response
E. Speaking
O WORD RECOUNT T T
AL Phonetic Recognition
B, Structural EKecopnition
O READING MLCHANTOS
A Oral keading
B, Silent Reading Lificioney
S0, RIADING COMPRLHL NS (ol
AL Recopniticon of Word feanings
Bo Understanding Ideational Conpleacs
C. Renenpering Information xend
ST, READIMS IUTLRPRI b Ton
V.o Inference Mobing fron Reading Selections
B, keceenitlion of Literary Pevives
Co Uritieal Reading
300 READIIG APPRIECIATION AND RLSPORSL
A Attituwde tovard Peading
3 I
i

[ )
U

o
o

Attitede qna Benovror oditfication tren keading

i
Co Famnliarite with Standarg Children's Titerature

S, RELIGIOUS RhehLibol
S, KLILIGIOUS B L1t

35, SCTENTIFLO PROUCESSLS
A vbhservation and Pescription an Science
B, Use of Sunmbers and Mlessures i Science
C, Clas<sification and “ercralization in Scivonce
Do Hypothesis Fornition in Solence
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SOCIAL
-3,

E. Operational Detfinitions in Science
F. IExperimentation in Science

G. Formulation of Generalized Conclusions in Science

SCIENTIFIC KNOWLEDGL

A, Knowledge of Ccicntific tacts and Terminology
B. The Nature and Puipose of Science

SCIENTIFIC APPROACH

AL, Science Interest und Apprec. ation

B, Application of Scientific Methods to Lvervday
STUDILS

HISTORY AND CIVICS

A. Knowledge of llistory

B. Knowledue of Gevernnents

GEOGRAPHY

A, Knowledge of Physical Geography

P, Knowledee of Socio-Lcononic Geovraphy
SOCIOLE Y

A. Cultural Knowlcdge

B, Gocsal Oreanizution Knowledge
APPLIATION OF SCCIAL STUPL LS

Ao Research Skills in Secial Studies

L, Citizenship

(0. Interest in Social Studies
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APPENDIX T

Let the siate of the educational system be partially char-
acterized by the n-tuple (ul,---,un] of percentile scores obtained
on tests covering the n subgoal areas.® 1t i1s reascnable (and
indeed necessary) to assume the existence of a cardinal utility
1

. i
fuancrion [: #'+R

, Which assigns to cach pussible state of the
systen o real number representing its "worth' to the decision

a
saker,  Let the initial state of the system be a°1(31°,---,anJ,
with corresponding utilaty nunber f(a®), and suppose that an im-
provenent progran®® i< administered in each subgoal area, and then
the students are retested.  Cie would expect the resulting new set
ol scores 3‘=(31‘,---,uu') te .ominate®™® the old one and the new
utility number £{a') to be greater than {a®). Whether or not
this occurs depends on various uncontrollable factors, so that
until the new scores are known, they and their assocliated
utility auiber nust be treated as randon variables. A problen
i interest is thercefore to estinate, i advance, the change in
the decision naker's utisity i, given an inttial state a®,
provesient progruans were adninistered and the studints re-

tested as discussed above,  More inportantly, we wish te esti-

mete the "contribantics of cuach nrograa (to the estirated change

attribates should be Tncluded for a “eon-

*learty pther syse e
]’]L‘tL‘ Lo Lo uiaon.,

EANDY progrvan applicable to a specificd area will do, It could
be the "best" progran availlsbie for that arca, For purpoeses
of this discussion it matters only that the progran be speciiic
crnougn te Lave a cost,

y o

BEEG O L4 for all i=1,---,n and aytor oy for at lecast one i.

2ay

d
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in (he decision maker's utility) and relate this contribution
to the cost of that program in a way which will be meaningful
to the decision maker in his attempt to maximize his expected
utility by selecting costly improvement programs, while staying
within his Timited budget.

It is clear that the Mutility contribution” of cach pro-
gram depends on various factors, three of which are its quality
relative to that of the programs covering the other subgoal
arcas, the shape of the decision maker's utility function, and
the initial state of the system. [t is thervefore no trivial
mattery to estimate these "utiiity contributions," lowever, if
the utility function is additively sceparable® and if the im-
provement prograns are independent ) #* then the expected change
in uwtility is sinmply the swm of the expected utility contri-
butions of the individual programs. For the sake of clarity
and case of presentation we shall show this for n=2, the case
for larger values of n clearly tollows.

For n=I then, after the inttial testine, we have a 2-tupile
of pervcentile scores u‘.(u1°, a:°} and aontitity nunber of
((u°):f(ul°, u:°]. T certurn 1nprovenenl prograns are <on-
tenplated for these twe areas, the scores which might be ob-

tiained after retesting are now aancon variables n'.[nl’, as')

— —_— "

*2’

(”], ul""’“n]:fl(”l}‘fl(”;}““‘IL(*”]; or cquivalently witn

standard rescaling of the individoad {l‘s_ {(Al,...ﬁ“)=hlf1[31)

’wlij(dJJ*""“n(n(“n)'

*ENO ospillover or anteraction effouts.

o re
V)
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with joint conditiuvnal probability distribution g(ul‘,az'/a

Clearly the utility for these new scores f(al

random variable, so that the expected utility of the decision

1

',a,') is also a

>,a,°) . *

4

maker for the new state of the system a', given the initial state

’

o

a” and the improvement programs chosen, 1s given by:##

M T T U | Y N T L T a0 byt O Uy T,
[zzal pils /al )az:z] Jj’i(Al » s Jg[dl yils /al v, Jda

and the cxpected change in utility is therefore

{2y Efed) = L [E‘ui',uz'/ul°,azi] ~f(al°,a2°).

The assumption ot progrum independence means that

(3) g(ul‘,u:'/ulf,ul°)4gl(a]'/u1°]g2(u2'/aL°J

where £ and g, vepresent the conditional probaviltrty distry

1

butivn*##* of the random variables ul‘ (given al‘J and 1,' (given

a,°) respectivelv., Combining this assumption with that of
sepadrable utility and substituting 1n (1) vields

(4 I Eal',u: _1 [f"l 1 ‘l \«, 7{4:]5,1

(d, ’u, yda taa,

1 N

=y LLT} 1 (‘1 ( 1 /kl XN (:1: v
{fh(d, ulu fay )g:(l "/a

*ihis distribution 1s unknown to us at this tire. In this
Appendix we avoid complicating the expressions by not 1n-

dl

N

o)

1, %) da

c]d(l

cltuding indices winirch would 1dentify the particular progrars

*FAssume continuous tunctions heve. The integrations are over

the interval [0,100]}.

#%%  hese distributions are also unknown to us at this tirve.

Q
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ﬂ;%// l( g,lu /d °)da '+h://- (a1 Jg,lay'/a,®)day’

=W1L ( ¢1 /a—:] ﬂ.,. [:}d ‘/aq:]

Now substituting in (2) we get

(3 P[Lrlv“lt[fi(ulu/uLig uczh[i;[ﬁ "a, ' ]_Lxlfl(31°)+w:f2(u2{5]

rlah[fl[ul'/HIO)J fl[al°)r+w:{h[[:(uz'/az°)]‘f2(az°)}

(75

-’»',\‘11‘. [ 1'1 ] +\v.‘li: [~f,]

to

s0 that the expected "total" change in utility 1s just the sum
of the eapocted utility chunges for the subgoul areas. Since
the assunption of progran independence implies that the utility
chanyge 1n any subgoal area is solelv* attributable to the in-
provenment progran selected for that area, we nay take the ex
;ected change in utility for o given area as a measure of the
eapected value of that progran to the decision maker (i.e.,

its eapected utility contribution wiL[;fi}), given a certain

rforaance level in that ared.

e vapected atility contribution ot a program 1s the
narber we wish to relate to the cost of that program to assist
the decistion raker in the program selection process. In order
to ol tain this nunber we nust estimate I;[71(ul'/a];?] % (the

expected, new, unverghed utility value 1n oarea 1, gilven AIO)

Fictuully we only meun to say that prograns covering other
arcas do Lot contribute to the utility change 1n this area.
[t is perhaps too strong to use the word "coleiv Lere as
there aice surely other factors and random disturbances which
1fect this utility change.

Fliecall from the main body of the paper that we have alrecady

Q deteriiined u]°, {] danag W i-1,.2.
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for i=1,...,n, sirce, as nentioned earlier, the gi(ui'/ai°y
dre uithnown toous

One appreach In estimating X[ii(ui'/uiiﬂ directly is to
specify a cortein number of percentile points 61 and then te

T

estimate, by gquestioning the appropriate "experts,' the pro-

2

Labi1lits thut the students will score ni*%i percentile points

crobetter, after being exposced to a particular improvement

crogranm, given an initiai score of mjc. Let us denote this

rronabiloty by r; and call it the probability of success, Then

L Prolb (aLten S+ hl |an
S (o) " 74y 1".

and wnoapproximatien to the expected new utility value in arca

o given by

() L[;i(ui'/uiﬁﬂ&api”j(uj“+6i) + (l-pi) fi(ui 1

In this approxination, the first tern on the right hand
00 . ]
stae of L6) is o conservative estinate of fi(ui'JRi(ﬂi'ﬁﬂi°‘ﬂﬂi
AU
1 i

since the utidiey functien is evaluated at the singl: point of
Y= dy and ve knew that this function is nonutonically in

crensing. Vithout knowledpe ot the paraneters of gi[ni'fui°)
it 1+ gt clear vhether or not (l'pi1f1(41°) 15 0 conservative
Sl

a ot
. i 1. f o 1 ' o N
(AR B O N R {. aL e (o /0 da. . However 1 tuere are
) {/{ ol e bt Py b

guod jeusons 1o beliove that the varvance of giLuj'/ni ) ois

relatively snall, then the albove approexination (o L .i(uil/”io}

Fiods cencenvable that in the future there will be suificient
Aistorical data to estinate this fonction enpirically.  Perhaps
1t can be doene presently if we do not condition it onoa,®. Fow-
cver, for presert purposces we shall yestrict ourseives (o sub-
jective estinates of vertain parancters of the function, to te
obtained via questicennaires.



seeims reasonable. At this point it should be clear how to esti-
mate the expected utility contribution of a progran in a given
area i. It is given by

(7) i L]

AR E SN C P R I I

Sl

o G Cy e
= W ‘Rifi(“iJ+:i) + (1 pi)fi(ui ) o fj(ui‘)-

n
-
.

—

S0 ) o,
f. ch +4.) - [, (di )

and @1l the values required for this computation are now avail-

able.

The chotce of Hi is a tuctical matter. It could be a muber
such that uih4ii represents the aspiration level of the decision
maker for area i, given an initial percentile score of ui:.
Clearly this aspirvation level should be realistic, mwrely o
score which has a good chance of being achieved, (ui’¢fi) may,
for instance, also represent one's feelings about the rean,
the median or the tode of the posterior probability distri-
bution of scores g; (ni'/ui”)--illust:uting the intinate re-
Ilationsaip between di and the probuahility of success Py
Alternatively, ooy Le o the spallest nuwiber of percentile
peints such that a score of “ip*:i would be considered an
irproverent over uio foosubjective assessment pust be rade in
this case as to whcther or not the posterior distribution
gi(n‘i/ui‘) has really shifted to the vight--relative to (he

[ N

prior distribution gi(ni)--vhun ui' takes on the value ”i;*:i)'

A thivd way nay be to sivply Tet 70 equal a constant, say 3
pereentile points, for altl subgeal arcas.  Clearly there must
O
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be tradeoffs between the amount of work which goes into and
the informaticen derived from the implementation of each of
these three possible methods; however, such tradeoffs have not
yet been thorcughly investigated.® At this time the (1vst and

third metheds are reccermended.

*or exanple 1t 1s clear that the fivst method requires less
work than the secord; however, the sccond nayv provide infor-
ration about the iastantancous or nasginal rate of increase in
expected utility associated with & particular progran {sorc-
what in the fashion of a partial derivative). If this sccond
nethod were applied for zeveral values of 4., one nmay be ablce

to obtain infornation about the "suspectod" decreasing returns,

In capected utility, as the "intensity™ eof a progran 1s increasad.

)
(9
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